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Abstract
Conservation of the orbital angular momentum (OAM) of light in photon downconversion has been observed
experimentally in nearly collinear phase-matching geometries, where the pump, signal and idler photons propagate
along almost the same direction [Nature 412 (2001) 313]. However, here we predict that such paraxial measurements
conducted with entangled photons in noncollinear geometries are not expected to comply with OAM conservation in
the above sense. Under proper conditions, the strength of such apparent anomaly approaches 100%. We discuss the
physical origin of the eﬀect and suggest experimental schemes where it can be veriﬁed.
Ó 2003 Elsevier B.V. All right reserved.
PACS: 03.67.)a; 42.50.)p; 42.25.)p
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1. Introduction
The angular momentum of light plays an
emerging role in both classical and quantum science, with important applications in areas as diverse as biophotonics, micromachines, spintronics,
or quantum information. The angular momentum
of light contains a spin contribution, dictated by the
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polarization of the electromagnetic ﬁelds [1], and an
orbital contribution, related to their spatial structure [2]. In general, only the total angular momentum is an observable quantity [3]. However, within
the paraxial regime, both contributions can be
measured and manipulated separately [4–6]. While
the spin angular momentum is extensively employed in quantum information schemes, only recently the orbital angular momentum (OAM) has
been added to the toolkit. In particular, a recent
landmark experiment demonstrated that the idler
and signal photons produced in the process of
spontaneous parametric downconversion constitute an entangled state of OAM [7]. Therefore,
because the OAM deﬁnes an inﬁnite-dimensional
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vation of photons, the generated two-photon entangled state can be also described by a mode
function which is locally paraxial in a suitable
transverse frame centered on the signal and idler
wave vectors (see Fig. 1). Therefore, the paraxial
OAM carried by each of the photons is also a welldeﬁned quantity, which can be measured experimentally. However, the global mode function is not
necessarily paraxial. On the contrary, in experimentally feasible downconversion processes in
existing crystals it might depart largely from
paraxiality in the global sense. Here we predict
that well-deﬁned, locally paraxial measurements of
the OAM conducted with entangled photons
generated in such noncollinear geometries yield
anomalous outcomes, in the sense that they do not
comply with paraxial angular momentum conservation. We show that, under proper conditions,
the probability to detect anomalous values approaches  1.
Consider a downconversion process pumped by
a continuous-wave photon source in a general

Hilbert space, it can be employed to generate engineered multidimensional entangled states [8–10],
hence, e.g., violation of Bell inequalities with qutrits
encoded in OAM has been observed experimentally
recently [11]. In parallel to the exploration of such
possibilities, a fundamental question that arises is
whether the OAM is conserved in the process of
photon downconversion [12–14].
In collinear downconversion, the two-photon
entangled state constituted by the signal and idler
photons is described by a transverse mode function that is globally paraxial. Therefore, the OAM
of all the involved photons is a well-deﬁned
quantity that in the absence of momentum transfer
between light and matter must be conserved, a
feature that within the experimental accuracy is
consistent with the observations by Mair et al., in
the quasi-collinear geometry used [7]. The question
is how the conservation rule associated to such
measurements extends to arbitrary noncollinear
geometries. In such geometries, because of the
conditions imposed by linear momentum conser-
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Fig. 1. Sketch of the noncollinear downconversion geometry, showing the propagation directions of the pump, signal, and idler
photons.
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noncollinear phase-matching geometry (Fig. 1).
The two-photon quantum state jWi at the output
of the nonlinear crystal within the ﬁrst order
perturbation
theory is given by jWi ¼ j0; 0i 
Rs
i=
h 0 dtHI ðtÞj0; 0i, where j0; 0i is the vacuum
state, s is the interaction time, and HI ðtÞ is the
eﬀective Hamiltonian in the interaction picture,
given by [15–17]
Z
.
HI ¼ 0 d3 V vð2Þ ..Epþ Es Ei þ c:c;
ð1Þ
V

where 0 is the permittivity of free space, vð2Þ is the
second order nonlinear susceptibility tensor, V is
the volume of the crystal illuminated by the pump
beam, Epþ refers to the positive-frequency part of

the pump electric ﬁeld operator and Es;i
refers to
the negative-frequency part of the signal and idler
electric ﬁeld operators. The paraxial pump beam is
treated classically and written as
Z
^ ðqÞ
Ep ðx; y; z; tÞ ¼ e^p dqU
 exp½ikp ðqÞz þ iq  x  ixp t þ c:c;
where xp is the
angular frequency
of the pump
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ﬃ
2
2
beam, kp ðqÞ ¼ ðxp np =cÞ  jqj is the longitudinal
wave number inside the crystal, q is the transverse
spatial frequency, np is the refractive index at the
^ ðqÞ is the ﬁeld proﬁle of the
pump wavelength and U
pump beam in the spatial frequency domain at
the input face of the crystal, and e^p is the polarization vector.
Because of the phase-matching conditions imposed by the nonlinear crystal, the wave vectors of
the signal and idler mode functions belong to a
narrow bundle around the central wave vectors,
and can thus be written as ~
ks ¼ ~
ks0 þ D~
ks and ~
ki ¼
0
0
~
ki þ D~
ki , with jD~
ks j  j~
ks j and jD~
ki j  j~
ki0 j. The
central wave vectors are dictated by the phasematching conditions ~
kp ¼ ~
ks0 þ ~
ki0 , xp ¼ xs þ xi ,
where xs and xi are the frequencies of the signal
and idler photons. Introducing the azimuthal angles u0s ¼ 0 and u0i ¼ p, and the polar angles h0s
and h0i , the central wave vectors ~
ks0 , ~
ki0 can be
0
0
0
~
written as ks ¼ ðxs ns =cÞ½sin hs x^ þ cos hs ^z and ~
ki0 ¼
0
0
ðxi ni =cÞ½ sin hi x^ þ cos hi ^z, where ns and ni are
the corresponding refractive indices. The width of
the wave vectors bundles D~
ks , D~
ki , can be expressed
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in terms of the corresponding Fourier spatial frequencies p; q as D~
ks ¼ ps cos hs x^ þ qs y^  ps sin hs ^z,
D~
ki ¼ qi y^ þ pi cos hi x^ þ pi sin hs ^z [18]. For simplicity, here we make use of the thin crystal approximation, hence the phase-matching conditions are
only applicable in the transverse directions [19].
Notwithstanding, we have veriﬁed that the general
case of a thick crystal gives qualitatively analogous
results. Finally, here we examine the case of degenerate type I interaction with h0s ¼ h0i and xs ¼
xi . The continuous wave approximation is justiﬁed
by the use of narrow band interference ﬁlters in
front of the detectors.
Under such conditions, the generated twophoton quantum state is found to be given by
Z


^ cos h0 ðps þ pi Þ; qs þ qi
jWi  deff dps dqs dpi dqi U
s
 ays ðps ; qs Þayi ðpi ; qi Þj0; 0i;

ð2Þ

ays;i

where
are creation operators
and
P for theð2Þsignal


idler modes, and deff ¼ 1=2 i;j;k ð^
ep Þi vijk ð^
es Þj ð^
e i Þk ,
where e^s and e^i stand for the polarization direction
of the signal and idler modes, is the eﬀective
nonlinear coeﬃcient. Note that in noncollinear
geometries with large polar angles h0s , h0i the polarization directions of the type I downconverted
photons are no longer perpendicular to the polarization of the pump beam [20].
The entangled two-photon quantum state (2) is
a coherent superposition of an inﬁnite number of
eigenstates of the corresponding OAM operators,
which in each frame are represented by Laguerre–
Gaussian (LG) mode functions. The normalized
LGlp mode at its waist is given in cylindrical coordinates by
LGlp ðx; y; z ¼ 0Þ
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2p!
1
¼
pðjlj þ pÞ! w0

pﬃﬃﬃ !jlj  2 
2q
2q
Ljlj
p
w0
w20

 expðq2 =w20 Þ expðiluÞ;

ð3Þ

where Llp ðqÞ are the associated Laguerre polynomials, q is the radial cylindrical coordinate, w0 is
the mode width, p is the number of nonaxial radial
nodes, and the index l, referred to as the winding
number, describes the helical structure of the wave
front. When the mode function of a single photon
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is a pure LG mode with winding number l, it
corresponds to an eigenstate of the paraxial OAM
operator with eigenvalue lh [21]. Expansion of the
entangled two-photon state (2) into noncollinear
OAM eigenstates centered on the axes dictated by
the signal and idler P
centralPwave vectors, respectively, i.e., jWi  l1 ;p1 l2 ;p2 Cpl11;l;p22 jl1 ; p1 ; l2 ; p2 i,
yield the amplitudes
Z


^ cosh0 ðps þ pi Þ;qs þ qi
Cpl11;l;p22  deff dps dqs dpi dqi U
s
h
i h
i
ð4Þ
 LGlp11 ðps ; qs Þ LGlp22 ðpi ; qi Þ ;
where LGlp ðp; qÞ is the Fourier transform of
LGlp ðx; yÞ. Eq. (4) can be written in the spatial
domain as
!
Z
h
i
x
l1
Cpl11;l;p22  deff dx dy U
;
y
LG
ðx;
yÞ
p
1
cos h0s
h
i
 LGlp22 ðx; yÞ ;
ð5Þ
where Uðx; yÞ is the transverse spatial amplitude
distribution. Eq. (5) is a central result of this paper. Notice that it only holds for h0s < 90°, and
that its derivation explicitly assumes that mode
functions of the signal and idler photons are paraxial in their corresponding coordinate frame.
The transverse amplitude distribution of the
pump beam Uðx; yÞ can be expanded
pﬃﬃﬃﬃﬃﬃ Pinto spiral
harmonics in the form U ¼ 1= 2p 1
l¼1 al ðqÞ
expðiluÞ. Therefore, (5) reveals that each amplitude Cpl11;l;p22 depends only on the ðl1 þ l2 Þth angular
harmonic of the pump beam. Thus, in collinear
phase-matching geometries (i.e., h0s ¼ 0), only the
terms which verify l1 þ l2 ¼ lp , where lp is the
winding number associated to the pump beam,
contribute a nonvanishing amplitude probability
Cpl11;l;p22 [9]. However, the point is that because of the
factor cos h0s appearing in Eq. (5),
P
Pin noncollinear
geometries the expansion jWi  l1 ;p1 l2 ;p2 Cpl11;l;p22
jl1 ; p1 ; l2 ; p2 i always contains contributions with
l1 þ l2 6¼ lp .
To elucidate the quantitative weight of such
‘‘anomalous’’ contributions, we considered a downconversion process pumped by a Gaussian laser
beam with a vortex nested on-axis (e.g., by a computer generated hologram), with the amplitude
distribution



Uðx; yÞ  x þ i sgnðlp Þy

jlp j

(
exp

)
x2 þ y 2
;

w2p

ð6Þ

where lp is the topological charge of the vortex,
sgn(lp ) its helicity, and wp the width of the host
beam. Fig. 2 shows illustrative examples of the
paraxial OAM eigenstate content of the generated
entangled two-photon state for diﬀerent values of
the angle h0s , in the case of a pump beam with
lp ¼ 4. On physical grounds, as h0s increases, Eq.
(5) can be viewed as the distribution existing in a
collinear geometry but now by a vortex with internal structure, or noncanonical [22,23], nested in
an elliptical beam. Thus, in nearly collinear conﬁgurations (h0s ’ 0), only the terms with l1 þ l2 ¼
lp exhibit relevant contributions, as shown in
Fig. 2(a). In contrast, the contributions obtained
when h0s ¼ 450 and h0s ¼ 600 are shown in Figs. 2(b)
and (c), respectively. One ﬁnds that there are states
featuring l1 þ l2 6¼ lp which make an even higher
contribution to the two-photon state than that of
states with l1 þ l2 ¼ lp .
The total strength of the violation of the rule
l1 þ l2 ¼ lp can be evaluated by projecting the signal photon into a state with well deﬁned l1 ; p1 and
then adding-up all the weights of the ‘‘anomalous’’
idler states. Here we report the outcome obtained
for a signal photon projected into the state
with mode function F ðx; yÞ ¼ expfðx2 þ y 2 Þ=w20 g,
which can be implemented experimentally by detecting the signal photon after propagation through
a suitable spatial mode ﬁlter (e.g., a monomode
optical ﬁber). The resulting mode function of the
idler photon at the output of the crystal writes
Gðx; yÞ  Uðx= cos h0s ; yÞF ðx; yÞ. Then, the quantum
state of the idler photon can be written as [8]
R1
P1
2
2
hsjWi ¼ n¼1 Cn jl ¼ ni, where jCn j ¼ 0 jan j
R
1=2 2p
q dq, with an ¼ 1=ð2pÞ
Gðq; uÞ expðinuÞ du,
0
and the weights of the quantum
superposition Pl are
2 P1
2
given by Pl ¼
jC
j
=
jC
i j . Therefore, the
i¼1
P l
quantity d ¼ l6¼lp Pl , gives the probability to detect a coincidence between a signal photon with no
paraxial angular momentum, and an idler photon
with paraxial angular momentum l2 h, but with
l2 6¼ lp . Fig. 3 shows the values of d that we obtained for pump beams with lp ¼ 4 and lp ¼ 10, as a
function of the noncollinear angle h0s . The plot
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conﬁrms that the strength of the violation increases
nonmonotonically with the polar angle h0s . Importantly, while d  0 for all near paraxial phasematching geometries, one ﬁnds that suitable polar
angles do exist where almost all coincidence detections are predicted to correspond to photons that
violate the rule l1 þ l2 ¼ lp . In Fig. 4, we plot the
weights of the idler quantum state for h0s ¼ 600 and
lp ¼ 10, after the signal photon has been projected
into a Gaussian mode function.
The experimental observation of this eﬀect requires a phase-matched noncollinear geometry with
large polar angles. At optical wavelengths in typical
vð2Þ nonlinear crystals noncollinear phase-matching
occurs with polar angles of a few degrees (e.g., 3°
[24]), but phase-matching with h  18°, where the
eﬀect should be already visible is possible, e.g., in bbarium borate and lithium iodate pumped with
frequency-doubled Ti:Sa lasers [18,25]. However,
quasi-phase-matching in periodically-poled materials appears to be the ideal setting to achieve
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Fig. 3. Violation strength d of the rule l1 þ l2 ¼ lp for a pump
beam with lp ¼ 4 and 10, when the signal photon has been
projected into a Gaussian mode function.
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Fig. 2. Contribution jC0;0
j of the states jl1 ; p1 ¼ 0; l2 ; p2 ¼ 0i
to the two-photon quantum state for a pump beam with lp ¼ 4.
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Fig. 4. Mode distribution of the quantum state of the idler for
h0s ¼ 600 . Pump beam and the signal photon as in Fig. 3.
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phase-matching with arbitrary large noncollinear
angles. For example, higher-order noncollinear
quasi-phase-matched photon downconversion at
h  60° for kp  400 nm can be achieved in periodically-poled lithium niobate with poling periods
several microns long (thus well-inside the current
technological state of the art [26]), with still a signiﬁcant resulting deff  1 pm/V, similar to that of
critically-phase-matched b-barium borate.
To conclude, we stress that the eﬀect predicted
here has a purely geometrical origin, i.e., it is due to
the noncollinear propagation directions of the
photons emerging from the downconverting crystal, and is not related, e.g., to any exchange of angular momentum between light and matter. It is
worth stressing that the paraxial operator yielding
the anomalous values is a well-deﬁned quantity for
each of the photons, and that it corresponds to the
quantity that is accessible in current experiments
[7,11]. However, as the eﬀect predicted here highlights, in noncollinear geometries it does not yield
the angular momentum that must be conserved.
Elucidation of the conserved angular momentum of
the downconverted photons in noncollinear geometries requires a step forward in the development
of the interaction picture of quantum electrodynamics, namely its application to globally nonparaxial [3], instead of locally-paraxial, photon mode
functions and the corresponding total angular
momentum operators.
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